ON GENERALIZED MAASS RELATIONS FOR THE 
MIYAWAKI-IKEDA LIFT 



SHUICHI HAYASHIDA 

Abstract. Some generalizations of the Maass relation for Siegel modular forms of 
higher degrees have been obtained by several authors. In the present article we first 
give a new generalization of the Maass relation for Siegel-Eisenstein series of arbitrary 
degrees. Furthermore, we show that the Duke-Imamoglu-Ibukiyama-Ikeda lifts satisfy 
this generalized Maass relation with some modifications. As an application of the 
generalized Maass relation in the present article we give a new proof of the Miyawaki- 
Ikeda lifts of two elliptic modular forms. Namely, we compute the standard L-function 
of the Miyawaki-Ikeda lifts of two elliptic modular forms by using the generalized Maass 
relation. 



1. Introduction 

1.1. The Maass relation is a relation among Fourier coefficients of Siegel-Eisenstein 
series of degree two, and the Maass relation characterizes the Saito-Kurokawa lifts (cf. 
|E-Z 85] .) In his article |Ya 86] Yamazaki has obtained a generalization of the Maass re- 
lation for Siegel-Eisenstein series of arbitrary degrees. Furthermore, in |Ya 89] Yamazaki 
obtained a relation among Jacobi-Eisenstein series of arbitrary degrees. Here the Jacobi- 
Eisenstein series is a Jacobi form which is constructed like a Siegel-Eisenstein series. This 
relation among Jacobi-Eisenstein series is necessary to obtain a new generalization of 
the Maass relation, which is different from the generalized Maass relation in |Ya 86] . 
However, the relation among Jacobi-Eisenstein series in |Ya 89] is not enough to obtain 
a new generalization of the Maass relation, because in |Ya 89] the Jacobi-Eisenstein se- 
ries of index 1 is treated and we need the relation among the Jacobi-Eisenstein series 
of arbitrary index. One of the aim of the present article is to generalize the relation 
among Jacobi-Eisenstein series obtained in |Ya 89] for arbitrary index and to give a new 
generalization of the Maass relation for Siegel-Eisenstein series of general degrees. 

On the other hand, a generalization of the Saito-Kurokawa lift for Siegel modular 
forms of even degrees was conjectured by Duke and Imamoglu, and by Ibukiyama, in- 
dependently, and the conjecture was solved by Ikeda |Ik 01] . In the present article, we 
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call these lifts the Duke-Imamoglu-Ibukiyama-Ikeda lifts. It is known that the Duke- 
Imamoglu-Ibukiyama-Ikeda lifts satisfy the generalized Maass relations in |Ya 86] by in- 
serting the Satake parameters of the preimage of the Duke-Imamoglu-Ibukiyama-Ikeda 
lift into the relation (cf. |Ha 11] .) 

By applying the Duke-Imamoglu-Ibukiyama-Ikeda lift, Ikeda [Ik 06] solved and gener- 
alized one of the two conjectures posed by Miyawaki |Mi 92] under a certain assumption. 
Namely, he obtained lifts from pairs of an elliptic modular form and a Siegel modular 
form of degree r to Siegel modular forms of degree 2n + r under the assumption that 
the constructed Siegel modular form does not vanish identically. In the present article 
we call these lifts the Miyawaki-Ikeda lifts. In |Ik 06] Ikeda obtained a conjecture about 
the relation between the Petersson norm of the Miyawaki-Ikeda lift and a special value 
of a certain L-function. For more details about the conjecture of non-vanishing of the 
Miyawaki-Ikeda lift, we refer the reader to |Ik 06] . 

The purpose of the present article is as follows: 

(1) we generalize the relation among Jacobi-Eisenstein series given in |Ya 89] for 
arbitrary integer-indices and obtain a new generalization of the Maass relation 
for the Siegel-Eisenstein series of arbitrary degrees (Theorem II .ip . 

(2) we show a new generalization of the Maass relation for the Duke-Imamoglu- 
Ibukiyama-Ikeda lifts (Theorem 11. 2p . 

(3) we obtain a new proof for the Miyawaki-Ikeda lifts of two elliptic modular forms 
by using the generalized Maass relations, namely, we give the expression of the 
standard L-function of the Miyawaki-Ikeda lifts of two elliptic modular forms 
(Theorem 11.31 and Corollary 11.41 ) 

As for generalization of the Maass relation, Kohnen |Ko 02] obtained another kind of 
generalization of the Maass relation which is related to the Fourier- Jacobi coefficients of 
matrix index of size 2n — 1, while the generalization of the Maass relation in the present 
article is related to the Fourier- Jacobi coefficients of integer index. It is known that the 
generalized Maass relation in |Ko 02] characterizes the image of the Duke-Imamoglu- 
Ibukiyama-Ikeda lifts (cf. Kohnen-Kojima |KK 05] , Yamana |Ya 10] .) 

We remark that a certain identity of the spinor L-function of the Miyawaki-Ikeda lift 
of two elliptic modular forms has been given by Heim |He 12] for the case of degree three 
and weight twelve. This identity has been generalized in |Ha 12] for any odd degrees 
In — 1 and for any even weights k. 

1.2. We explain our results more precisely. We denote by S) n the Siegel upper-half 
space of size n. For integers n and k > n + 2, the Siegel-Eisenstein series of weight k of 
degree n + 1 is defined by 






-k 
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where r G $) n +i and where r n+ i := Sp n+1 (Z) is the symplectic group of size 2n + 2 
with entries in Z and we set r n+10 := | G T n+1 1 C — Oj. A Fourier- Jacobi 

expansion of E^ 1 ^ is given by 

where r G $) n , u G and z £ C n . The form ej^ is called the m-th Fourier- Jacobi 

coefficient of E^ +1 \ We remark that e km is a Jacobi form of weight k of index m of 
degree n (cf. Ziegler [Zi 89] .) 

We denote by the space of Jacobi forms of weight k of index m of degree n. 
For the definition of Jacobi forms of higher degree, we refer the reader to |Zi 89] or 
Section 12.21 in the present article. We define two kinds of index-shift maps: 

\r (J2\ . T (n) j(n) 
Vl,n-l\P ) ■ -Jk^m ~^ J k,mp 2 i 

Tj( n \ ■ T {n) T {n) 

U \P) ■ J k,m ^ J k,mp 2 - 

Here the index-shift map Vi tn _i(p 2 ) (0 < I < n) is given by the action of the double coset 
r n diag(l;,pl n _i,p 2 li,pl ri _i)r n . For the precise definition of VJ in _i(p 2 ) see Section [2^ 

and we define (<f)\U(d))(T, z) := 0(r, dz) for G jj^ and for any natural number d. 

(n) 

Theorem 1.1. Let e k m be the m-th Fourier- Jacobi coefficient of Siegel-Eisenstein series. 
Then we obtain the relation 

e k t\(VoAP 2 ),-,V n , (p 2 )) 

^ ' \ p~ 2k+2 J 

where the both sides of the above identity are vectors of functions and A^+i is a certain 
matrix with size 2 times (n + 1) which depends only on p and k, and where we regard 
e[ n L as identically if p 2 /m. Here 5 p \ m is defined by 1 or 0, according as p\m or pj(m. 

For the precise definition of A^ n+X , see Section \WM 

The relation in Theorer dl.il is a new generalization of the Maass relation for Siegel- 
Eisenstein series of arbitrary degrees. As for the function ej^jKitjo), a similar identity 
has already been given in [Ya 86] . Here the operator V n (p) is obtained from the double 
coset r n diag(l n ,pl„)r n . 

Now we apply the relation in Theorem 11.11 to the Duke-Imamoglu-Ibukiyama-Ikeda 
lifts. We denote by Sk(T n ) the space of Siegel cusp forms of weight k of degree n. 
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Let / G S2fc(Ti) be a normalized Hecke eigenform and let F G Sfc +n (r 2n ) be a Duke- 
Imamoglu-Ibukiyama-Ikeda lift of / (cf. Ikeda |Ik 06] .) We remark that there is no 
canonical choice of F, however F is determined up to constant multiple. We consider 
the Fourier- Jacobi expansion of F: 



..A r > z ) e 

m=l 

where r G $j n , u> G Sj± and z G C n . Then <f> m is the m-th Fourier- Jacobi coefficient of 
F and is a Jacobi cusp form of weight k + n of index m of degree 2n — 1. We denote 
by Jfc^ cusp the space of Jacobi cusp forms of weight A; of index m of degree n. The 
restriction of the maps Vi )Tl -i(p 2 ) and C/(p) to Ji^ Usp gives the maps from J^^ usp to 
^km^ SP - ^p" 1 ^ e ^ ne com pl ex numbers which satisfy 



a 



+ a p 1 )p k a = a (p), 



where a(p) is the p-th Fourier coefficient of /. 

The following theorem is a generalization of the Maass relation for the Duke-Imamoglu- 
Ibukiyama-Ikeda lifts, which is different from the ones in |Ko 02] and in [Ha 11] . 

Theorem 1.2. Let <\> m G Jh+nm° USP ^ e ^ e m 'th Fourier- Jacobi coefficient of the Duke- 
Imamoglu-Ibukiyama- Ikeda lift F as the above. Then we have 



(v^-V),...,^.!^ 2 )) 



1 



p 



>-i)(2 fc -i) U^Uif),^®,^) \p- k - n p- k - n (-l+ P 5 plm ) A' 2y2n (a p ), 

• '- /I g p -2k-2n+2 I 



where A 22n (a p ) is a certain matrix with size 2 times In which depends only on f and p. 
We regard the form <pn± as identically zero if ' p 2 Jfm. The matrix A 2 2n { a p) ^ s obtained by 
substituting X p = a p into a matrix A 22n (X p ). For the precise definition of A' 22n (X p ), 
see Section l27b\ 

Now we apply the relation in Theorem 11.21 to the Miyawaki- Ikeda lifts of two elliptic 
modular forms. Let / and F be as above. Let g G Sk+ n {Ti) be a normalized Hecke 
eigenform. Then one can construct a Siegel cusp form T^ g of weight k + n of degree 
2n-l: 

7> )9 (r) := /^((o °))^)ImH^ 2 ^- 

The form Ff :9 is the Miyawaki-Ikeda lift of g associated to /. It is shown by Ikeda |Ik 06] 
that if J-f t g is not identically zero, then Ff t9 is an eigenfunction for Hecke operators for the 
Hecke pair (r 2 „_i, Sp 2n _ 1 (Q)). Furthermore, the standard L-function of Ff t9 is expressed 
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as a certain product of L-functions related to / and g. Now by virtue of Theorem 11.21 
we obtain a new proof of these facts by using the generalized Maass relations. 

Theorem 1.3. Let Tf %g G Sfc +n (r 2n _i) be the Miyawaki-Ikeda lift of g associated to f. 
Then 

FfJ (7o,2n-l0 2 ), ...,T 2n _i i0 O 2 )) 

where Ti t 2n-i-i(p 2 ) are Heche operators (see Section \2Jj\) and A' 2 . 2n (a P ) is the same matrix 
in Theorem ! Here \ g {p 2 ) is the eigenvalue of g forTi$(p 2 ). 

We denote by ft^ 1 the complex numbers which satisfy: 

G^ + ZSV^ = Kp), 
where b(p) is the p-th Fourier coefficient of g. The adjoint L-function of g is defined by 

L(s,g,Ad) := IJ{(l-p-)(l-/3 p 3 p-)(l-/3-V)}" 1 - 
p 

Corollary 1.4. If J~f, g is not identically zero, then the Satake parameter of J-f >g at prime 
p is 

X^l ;---;/ i 2n-l/ ~ iPp i a p P i a p P T--i a p P (■ 

Furthermore, the standard L- function of J-f j9 is 

2n-2 

LfaFfost) = L(s,g, Ad) L(s + k + n- 1 -i,f), 

i=i 

where L(s,f) is the Heche L-function of f . (see Section \2. 3\ for the definition of the 
standard L-function.) 

We remark that Theorem 11.31 follows from Corollary 11.41 And Corollary 11.41 has 
already been shown by Ikeda [Ik 01] for more general case, namely for Siegel modular 
form g G Sfc +n (r r ). Here we obtained a new proof of Theorem 11.31 and Corollary 11.41 by 
using the generalized Maass relation. 

Furthermore, we remark that a certain identity of the spinor L-function of Tf y9 has 
been obtained in |Ha 12] which is a generalization of the case (n, k) = (2, 12) in |He 12] . 

This paper is organized as follows: In Section |2] we give a notation and review some 
operators for Jacobi forms, and in Section [3] we shall show a certain relation among 
Jacobi-Eisenstein series with respect to the index-shift maps. In Section H] we shall 
prove Theorem 11.1] while we shall prove Theorem 11.2] Theorem 11.31 and Corollary 11.41 
in Section [5j 

Acknowledgement: to be entered later. 
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2. Operators on Jacobi forms 

2.1. Symbols. We denote by Mij(R) the set of all matrices with entries in the ring R 
and put M n (R) := M n ^ n (R). For any square matrix A G M n (Z) we denote by rank p (A) 
the rank of A in M n (Z/pZ). For any two matrices A G M n (Z) and B G M„ jm (Z) we 
write A [5] for t BAB. The set of all half-integral symmetric matrices of size n is denoted 
by Sym;. 

We put J n := ^ and set 

GSp+(R) := {MeM 2n (R)\MJ n t M = u(g)J n ,u(g)>0}, 

where the number v(g) is called the similitude of g. 

We put T n := Sp n (Z) C SL 2n (Z). For any square matrix x we set e(x) := e 2mtr ( x \ 
where tr(x) denotes the trace of x. For any natural number m we put < m >:= m( -™ +1 ^ . 

The symbol S) n denotes the Siegel upper-half space of size n. The action of GSp^(R) 
on$j n is given by g-T := (At + B)(Cr + D)' 1 for g = G GSp+(M) and for r G # n . 

The symbol Hol(.f)„ — > C) (resp. Hol(i} n x C n — > C)) denotes the space of all holo- 
morphic function on S) n (resp. $j n x C n .) For any integer k, we define the slash operator 
\k '■ 

(F\ k g)(T) :=det(CT + D)- h F(g.T), 

where F G Hol(io n ->■ C), 5 = ( c g) G GSp+(R) and r G By this definition the 
group GSp+(R) acts on Hol(£ n ->■ C). 



2.2. Jacobi group. We define a subgroup of GSp 



n+l< 



Gi ■= |7GGS Pr i +1 
A bijective map from GSp+ 



7 = 



AO B * 
* 1^(7) * * 
COD* 
1 



A 
C 



B 
D 



G GSp+ 

x (R n xl")xl to G J n is given by 










-BOX 


/ In 
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\ 






where g = 



We identify GSp+(R) x 



, (A, fl),K 

£ G GSp+(R), A,// G R n and k G 

£™ x R") x R and G^. By this bijection the group G J n can be regarded as a semi-direct 
product of GSp+(R) and ((R™ x R n ) x R), namely G J n ^ GSp+(R) k ((R™ x R") x R). 

Let k and m be integers and let <fi G Hol(i}„ x C n — > C) be a holomorphic function on 
fj n x C ra . We define the slash operator \k m '- 



(4>\k,mi)(T,z) := (((j>(T,z)e(mu))\k'y)e(-u('y)mu), 
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where t G $) n +i, r E $) n , oj E Sji, z E C n and 7 E G J . We remark that the RHS 

\z uj 

of the above definition does not depend on the choice of u>. By this definition, the group 
G J n acts on Rol(fi n x C n C). 
For 7 = [g, (A, G we have 

(0| fc , m7 )(r,z) = det(Cr + J D)- fc e (-z/(^)m((Cr + J D)- 1 C)[^ + rA + /i]) 
xe(i/(j) m (*ArA + 2*Az + 2*A/i + «)) 
x </>(<? • r, ^(CV + L*)- 1 ^ + rA + //)), 

where <? = ^) G GSp+(M). 

We put a discrete subgroup of G J n : 

Y{ := {[M,(\,fi),K}EG J n \M ET n , (X,/i) EZ n xZ n , kEZ] . 

We denote by jj^ the space of Jacobi forms of weight k of index m of degree n (cf. 
Ziegler |Zi 89] .) For n > 1 the space jj^ is defined by 

4% ■= G Hol (-^n x <C" C) I 0| fc , m7 = for any 76^}. 

2.3. The standard L-functions. Let F E Sk{T n ) be a Siegel cusp form which is an 
eigenform for all Hecke operators. Let {//o,p, A*i,p, /Vp) the Satake parameter of F 
at prime p. The standard L-function of F is defined by 

L( S ,F,st) ■.= nia-nn^-^K 1 -^) 

In our setting we have fil jP fJ>i, P • • • l^ n ,p — p nk ~ <n> . 

2.4. index-shift maps of Jacobi forms. For any function G and for any matrix 
5 G GSp+(M) n M 2 „(Z) we define 

<P\V(T n gT n ) := ^ <p\ k , m \gi, (0, 0), 0], 
where T n gT n = \^jT n gi is a coset decomposition. It is known that <p\V(T n gT n ) is well- 

i 

defined and belongs to jj^,r g ) m - 

For any integer / (0 < I < n), we define 

4>\Vi^i(p 2 ) := 0|y(r„diag(li,pl„_;,p 2 li,pl„_;)r„). 

For any non-negative integer d we define 

(4>\U(d))(r,z) := <f>(r,dz). 
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Then m^-iip 2 ) e and <j>\U{d) G J^ 2 . 

Let F be a Siegel modular form of weight k of degree n. Let g be an element of 
GSp r [(lR)nM2 r! ,(Z). For any double coset T n gT n , the Hecke operator T(T n gT n ) is defined 
by 



F\T(T n gT n ) := v{g) nk -< n >Y,F\ 



ugi 



where T n gT n = \^jT n gi is a coset decomposition. For any integer I (0 < I < n), we 

i 

define 

F|7] >n _*(p 2 ) := F|T(r„diag(l i ,pl n _ i ,p 2 li,pl n _ i )r„). 
For any Jacobi form G jj^, we define the function 

W[<P)(r) := 0(r,O) 

for t G io n . From the definition of Jacobi forms, it follows that W(4>) is a Siegel modular 
form of weight k of degree n. 

Furthermore, due to the straightforward calculation, we obtain 

(2.1) W{<j>)\T{T n gT n ) = v{g) nk -< n >W{cj>\V{V n gT n )) 

for any Jacobi form G jj^ and for any g G GSp^(IR) fl M 2n (Z). 

2.5. Siegel ^-operator for Jacobi forms. Let G Hol(fj n x C n — )■ C) be a holomor- 
phic function. We define the Siegel ^-operator: 



where T\ G f) n _i and Z\ G C™" 1 . 

It is known that if G J^ m is a Jacobi form, then the function $(0) is also a Jacobi 
form which belongs to jj?^ ■ 

2.6. The Satake isomorphism and the Siegel ^-operator. Let Wl be the local 

Hecke ring with respect to the Hecke pair (r n , GSp^(M) D M 2n (Z[p -1 ])). We denote by 
CLY^ 1 , A 7 "^ 1 ] 117 ™ the subring of the polynomial ring C[X^ 1 , X^ 1 } which is invariant 
under the action of the Weyl group W n associated to the symplectic group. The Satake 
isomorphism ip n : — > CLY^ 1 , X"^ 1 ] 117 ™ is given by 



DiJ "Z^ll^pj 



where u(g) = p l and = [ '-. * | (cf. Andrianov |An 79j .) 

pk 
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We write ip = ip n for simplicity. In this article we consider the subring of "H™ which is 
generated by T . n (p 2 ) ±1 and T hn _i(p 2 ) (/ = 1, ... n ). 
The following proposition follows from [Kr 86} Satz]. 

Proposition 2.1. If n > 2 we have 

^(T„, (p 2 )) = X n {(X~ 1 + {p-l)p- 1 + X n )i P {T n ^{p 2 )) 

+ (p 2 -l)p-V(T„-2,i(p 2 ))}, 

+ (X- 1 + (p - + X n ) ^(To^^p 2 ))} , 

^(T , n (p 2 )) = X n {p- n <p{T ,n-i(p 2 ))}, 
and for 1 < j < n we have 

+ (x- 1 + ^ n -\ v - 1) + x n ) ^(r^x^V)) 

+ (p 2 "- 2 ^ +2 - iy- n -V(^-2,n- i+ i(p 2 ))} • 

Proof. We obtain this proposition by replacing p~ r in |Kr 86| Satz] by p~ n X n . For the 
detail the reader is referred to |Kr 861 Satz]. □ 

Now for integers I (2 < I), t (0 < * < /), j (0 < j < I), we put 

' (p 2 ^ 2 i+ 2 - ly- 1 -'^ if t = j - 2, 

1 + pJ--i-'(p - + X 2 if t = j - 1, 

p-^'X ift = j, 

otherwise, 



&tj :- b t ,j,i, P ( x i) - < 



and we put a matrix 



J 0,0 



Bi,l+i(Xi) := (b ttj ) t=o,...,i-i 

j=o z 



V&i— 1,0 " " " 



with entries in C[X^,X Z ]. From Proposition 12.11 and from the definition of Btj + %(Xi), 
we have the identity: 

(^(T ,Kp 2 )), ^(T /i0 (p 2 ))) = (^(To.i-iCp 2 )), ^(l}_ 1)0 (p 2 )))5 M+ i(X,)- 
For Jacobi forms we obtain the following lemma. 

Lemma 2.2. Let <\> G jjp m be a Jacobi form such that $(0) is not identically zero. Then 
we have 

$(0K^(p 2 ),...,n o (p 2 ))) = ($(0)|(y o ,/- 1 (p 2 ),...,^-i,o(p 2 )))s M+1 (p'- fe ), 

w/jere we pui <^>| (Vb,z(p 2 ), Vi >0 {p 2 )) := {4>\V 0}l (p 2 ) , 0|V;, o (p 2 )). 
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Proof. Let 7 



A B 
D 



(0,0), 



G Gf with A = ( A * ° I . ./? 

1 a a, 



5* bi 



("o* d) ' Where A *' D * G GL «-i( R ) and 5 * G Then 

*(0|fc,m7) = ^" fc *(0)|fc,m7*, 



where 7* 



D* 



,(0,0),0 



The rest of the proof of this lemma is the same to the case of Siegel modular forms 
(cf. |Kr 861 Satz].) Thus we conclude this lemma. □ 



We define a matrix 



1=2 



which entries are in C [X 2 , . . . , X^] ■ Then we have 

(^(T 0in (p 2 )), v(T nfi (p 2 ))) = (^(T 0il (p 2 )), <p{T 1>0 {p 2 )))B 2>n+1 (X 2 , ...,X n ). 

The precise expression of (p(Ti jTl _i(p 2 )) by using the elementary symmetric polynomials 
has been given in |Kr 861 Korollar 2}. 

To explain our results we define two matrices A 2 ' n+1 and A 22n [X v ). First we define a 
2 x (n + 1) matrix 

K + i ■= B 2>n+1 (p 2 - k ,p s - k ,...,p n - k ). 

We remark that the matrix Af'^+i depends only on the prime p and the integer k > 0. 
We set a 2 x 2n matrix 



'2n-\ 



-1 



B' 2 o n {X 2 , •••) X 2n _Xj 



\\_ Xi J B 2 ,2n(X 2 , X 2n -l] 



i=2 



From the definition of B 2t2n (X 2 , X 2n ^ 1 ) it is not difficult to see that the entries in 
the matrix B' 22n (X 2 , ...,X 2n _i) belong to C[X 2 + X^ 1 , ...,X 2n _i + -X^i-il- We define a 
2 x 2n matrix 

A' 2t2n (X p ) := B' 2j2n (pl- n X p ,pl- n X p ,...,p-l +n X p ). 
In Section I5"73l we will show A' 22n (X p ) = A^^X' 1 ). 



3. Jacobi-Eisenstein series 



The goal of this section is to show a certain relation among Jacobi-Eisenstein series 
with respect to the index-shift maps Vi tTl ^i(p 2 ) (I = 0, ...,n). 
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3.1. Definition of Jacobi-Eisenstein series. For integers k, m and n, we define the 
Jacobi-Eisenstein series of weight k of index m of degree n by 



7er^ \r^ 



where we put 



, , ■ AO B \ Z 1 " P\ 
W — J 1 1 V k h= F" 



6r„,/i6Z>ez 



It is known that if k > n+2, then E^ converges and belongs to jj^ (cf. Ziegler [Zi 89] .) 

The purpose of this section is to show that -E^J V^ n _i(p 2 ) is a linear combination of 
three forms E^\U{f), E^ m \U(p) and E^ mp2 . 

Lemma 3.1. Let m and n be positive integers. Then the forms \E^L\U{d)\ are 

I'd 2 " J d 

linearly independent, where d runs over all positive integers such that d 2 \m. 

Proof. Let $ be the Siegel ^-operator for Jacobi forms introduced in Section 12.51 It 
follows from the definition that $(.£7^) = Ej^~ . Hence it is enough to show that the 

forms |^ 1 L|C/"(d)| are linearly independent. 

Let E^ m (r, z) = J2 n ' r c ( n '> r ) e i n ' T + rz ) be the Fourier expansion of E^ m . We call 
c(n',r) the (ra',r)-th Fourier coefficient of E^' m . Let n' > and r > be integers such 

that 4n'm — r 2 > 0. Then it is known that the (n',r)-th Fourier coefficient of E^ m is 
not zero (cf. Eichler-Zagier ]E-Z 85] p.l7-p.20].) On the other hand, for any d > 1 such 
that d 2 \m, the (n',r)-th Fourier coefficient of E^ m \U(d) is zero unless d\r. Therefore 
we obtain this lemma. □ 

3.2. Definition of a form Kf^ . We quote some symbols from |Ya 89] . For a fixed 
prime p and for < i < j < n, we put 

dij := diag(l i ,pl i _ i ,p 2 l n _ i ) 

and 

Si := Si,n = diag(l i ,pl n _ i ). 
And for x = diag(0j, £2,2, n _,) with x 2 ,2 = t %i ) i £ Mj_»(Z) we set 
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We denote by T n the set of all matrices ( _ ] in T n . We set 



On D 



Ae5 i>j GL n (Z)5r-j\, 
Ae5 l GL n (Z)5; 1 



and put a subgroup T(Si ) j(x)) of T(5ij): 

T(8 i;j (x)) := r n n (^-(a:) -1 ^^^)). 

For A G Z n and for M G GSp+(M) n M 2n (Z) we put 

j(k,m;M,X)(r,z) := (l| fc , m [l 2n , (A, 0), 0][M, (0, 0), 0])(r,z). 

For two matrices x = diag(0j, x 2)2 , n _j) and y = diag(0j, j/ 2)2 , 0„,_j) such that x 2)2 = 
* ^2,2, 2/2,2 = *J/2,2 € M/_i(Z), we say they are equivalent and write [x] = [y], if there 

(Ui,i Ul, 2 «1,3\ 
p^i u 2i2 m 2)3 G (5j J GL n (Z)5 ij 1 fl GL n (Z) which satisfies 
P 2 U 3 ,l pu 3t2 «3,3/ 

M2,2^2,2 i M2,2 = 2/2,2 mod p, where m 2i2 G Mj_i(Z), G Mj(Z) and m 3i3 G M n _j(Z). 
We define a function If", on (r, z) G .fj n x C n by 

K% := ^, m , p (r,z) = J2 E ;C^' m ;M^A)(r,z), 

[x] Mer(<5j,j(a;))\r„ AeZ n 
rank p (x)=a 

where in the first summation in the RHS, [x] runs over all equivalence classes which 
satisfy rank p (a;) = a. 

Proposition 3.2 (Yamazaki |Ya 89] ). The double coset T n y^ 1 Jzg-i) T n is a disjoint 
union 

1 ' ij [as] 

0<*<?<". rankp(x)=l—n—i+j 

where in the last union in the RHS, [x] runs over all equivalence classes which satisfy 
rank p (x) = I — n — i + j. 

Proof. This proposition has been shown in [Ya 891 Corollary 2.2]. □ 
Lemma 3.3. We obtain 

EtlKn-iip 2 ) = £ k[; n+J . 

0<i<j<n 
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Proof. It follows from Proposition 13.21 and from the definitions of E^ 1 ^, V^ n -i(p 2 ) and 
K a . □ 

1,3 

Lemma 3.4. If p 2 \m, then 

K a _ p-k(2n-i-j)+(n-j)(n-i+l) 

x=diag(0i,X2,2,0„-j) Mer(8ij)\r n 
rank v (x2,2)=a 



■ ( r~.m\ i — i u l/n. — -i \ ± \ / / 



X 



If p 2 J(m, then 



K a _ p-k(2n-i-j)+(n-j)(n-i+l) ^ ^ 



x=diag(0i ,x 2 ,2 fi n -j ) Afer(<5j, j)\r n 
aJ2,2 =t a:2,26-Wj-!(Z) modp 
ranfcp(x2,2)=o; 



(pZ)»xZ n -< ^ ^ n ' ' 



X 



VFe remark that this lemma has been shown for the case m = 1 by Yamazaki [Ya 89] . 

Proof. The proof of this lemma is an analogue to [Ya 89] and straightforward. If p 2 J(m, 
then the proof is similar to the case m — 1 . Hence we assume p 2 \ m and shall prove this 
lemma. 

We put U:= \s= l s e M n (Z)}. Then the set 

I V 'S23 333 / J 

is a complete set of representatives of T(Si t j(x))\T(Si i j(x))U . Thus 

W Mgr(5i J '(a;))\r, I AsZ n 
rarefcp(i)=a 

[x] Mer($ i>3 -(x))cr\r n Aez n A™ ^ gt/( 

rank p (x)=a V l n / 

= p HH)+H)(n-i + i) £ £ £ j(A , ; m . 5 . i(x ) M , A)(r, *). 

[a:] Mer(5i,j(a:))C/\r„ A6Z" 
rank p (x)=a 

We remark 

j(fc, m : Sijix), A)(r, ^) = p- k( - 2n - i -^e(m t X(p 2 5-jT5~j + p~ l x)X + 2p 2 m'A5r^) . 
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Hence if we put A' = p 2 5 i X A, then A' € (p 2 Zy x (pZ) j *xZ" J and we have 



j(k,m:5ij(x),\)(T,z) = p- k ^-^j(k,p~ 2 m: ( ^ ^) , A').(r,p 2 z). 



Thus 



_ p-fe(2n-i-j)+(n-j)(n-i+l) ^ ^ 

[x] Mer(i y (x))Cf\r„ 

rarifc p (x)=a 

x ^ j(k,p- 2 m: ^\ 1 n ^M,X')(r,p 2 z) 

\'€(p 2 zy x (pZ)-j-» xZ"-j 

-fc(2n-i-j)+(Ti-j)(T»-i+i) 

, [ f > (o t u °-i)6r(i iJ -(x))iAr(^) Afer ^)\ r » 

fc p (a:)=a V U u / 



P 



rankp 



x X] j(k,P~ 2 m : lu i y u 1 J M/uA'Xt^z). 

A'e(p 2 z)» x (pZ)j-« xZ"-i 

Here, the matrix u in the above summation belongs to 5jjGL(n, Z)5 i ~ J 1 flGL(n, Z). Hence 
*u stabilizes the lattice (p 2r L) % x (pZ)- 7-1 x Z n_J . Furthermore, the summation over the 
equivalent class [x] and the summation over the representatives of r(5 it j(x))U\r(5ij) 
turns into the summation over x = diag(0, £2,2, 0) such that x 2 ^ = '^2,2 G A^-i(Z) 
mod p and rank p (a;) = a. Therefore we conclude this lemma. □ 

3.3. Summation G"(m,A). We define 

'nl=iG° n ~ a+1 - l)(p a - I) -1 ifl<i<n, 



&>(M) : = S 1 



For any A G Z n and for < j < n we define 



if i = 0, 
otherwise. 



G](m,X) := e(— 'AsaY 



rank p x=j 

Proposition 3.5. For m G Z and /or A G Z n we /lave 



G?(m,A) = ^ 



p L 2J(L§J +1 ) 0p (n,j) ]"J (p a - 1) 2/mAEO mod p, 

a=l 

(-iy p LiJ(LfJ+i)^( n _ l,2L|J) (p a - 1) i/mA^O mod p. 



a=l 
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Proof. Hp\m, then G](m,X) = G](l,0). And if pj(m, then G](m,X) = G](l,X). Hence 
we need to calculate the case m = 1. The calculation of G"(1,A) has already been 
obtained by |Ya 89} Lemma 3.1]. □ 

3.4. Some cardinalities. In this subsection we will give some lemmas to calculate Kf*. 
For < i < j < n, we put 

Hi := 5 i GL n (Z)5^ 1 n GL„(Z), 

Hi j := 5 iii GL n (Z)5r 1 nGL n (Z). 

We define two sets 

Si := U ' ) eGLC) 




6i G Z\ 6 2 G Z 



where 6, b\ and 62 i n the above sets are column vectors. 
Lemma 3.6. We have 

\Hi\GL n (Z)\ = g p (n,i), 

\Hi\Si\ = g p (n-l,i). 

Furthermore, we have 

\H itj \GL n (Z)\ = P iin - j) g P {n,j)g p (j,i), 

\Hij\Si\ = p l ( n - j) g p (n-l,i)g p (n-i,n-j), 
\Hij\S id \ = P i{n - l - j) g P {n-l,j)g p {j,i). 
Proof. These are elementary. We leave details to the reader. □ 

Lemma 3.7. Let B{\) be a function onXeZ n . We put L := (p 2 zf x (pZ) j ^ x Z n ~ j . 
We assume that the sum Bi^AX) converges absolutely. Then we have 

A€H itj \GL„(Z) XeL 

J2 E B ( <AA ) = a J2B(X) + a 1 Y,B(p\) + a 2 J2B(p 2 X), 

AeHij\GL n (Z) AeL Aez™ AeZ" AeZ" 

where ao, a\ and a<i are integers which satisfy 

«o + «i + 0-2 = \Hij\GL n (Z)\ , a + cii = \Hij\Si\ and a = \Hij\Sij \ . 

Proof. For A G Z n we denote by gcd(A) the greatest common divisor of all entries in A. 
Let X be a complete set of representatives of Hij\GL n (Z) . For A G Z" we define 

N(X) := \{A G X\ X G *AL }| . 
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We remark that N(X) does not depend on the choice of X. To show this lemma, it is 
enough to calculate N(\) for given A £ Z n . 
By the definition of Sij and Si, we have 

Sij = {A e GL n (Z) | *(0, 0, 1) e t AL } , 
Si = {AeGL n (Z)\ t (0,...,0,p)e t AL o }. 

Hence we have JV(*(0, 0, 1)) = \H id \SiJ and JV(*(0, 0,p)) = \H itj \Si\. Further- 
more, we have JV(*(0, 0,p 2 )) = \H id \GL n (Z)\. 

For any A £ Z n , there exists a matrix _B £ GL n (Z) such that *£>A = gcd(A)*(0, 0, 1). 
Thus we have N(X) = iV(gcd(A)'(0, ...,0, 1)). Hence N(X) equals to \Hij\Sij\, \H i;j \Si\ 
or |/f i j\GL n (Z)|, according as gcd(p 2 , gcd(A)) = 1, p or p 2 . Therefore we obtain this 
lemma. □ 

3.5. Calculation of the function Kfj. For simplicity we define 

G](m) := G"(m, A), 

where A £ Z n is an vector which satisfy A ^ mod p. Due to Proposition 13. 51 the value 
Gj(m) does not depend on the choice of A. 

Lemma 3.8. If p 2 \m, then we have 

j^a _ p~k(2n-i-j)+(n-j)(n-i+l)Qj-i^ 

x {a E%l (r,p 2 z) + a 1 E^l(r,pz) + a 2 E^ mp2 (r, z)} , 

where 

a o + a i + a 2 — \Hij\GL n (Z)\ , ao + a± = \Hij\Si\ and ao = \Hij\Sij \ . 
If ' p 2 ' J(m ; then we have 

Kfj = p- k{2n - l - j)+{n - mn - l+1 ^(Gi-\ 

x [g p {n - l,j)E^l(r,pz)+p^g p (n -l,j- l)E^ p2 {r,z)) 
+ Gr (m) ViA):V(<S,,) 

x {g p (n - l, i )E^l(r,pz)+p n -\(n l)E^(r, z)}} , 

where T(8ij) and T(5i) are groups denoted in Section HOI 

In particular, the function Kf, is a linear combination of Ej^L \ U(p 2 ), E^AlJip) and 

rp(n) 
k ) mp z 
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Proof. First we assume p 2 \m. In this case the sum G^ _i (m, A') equals to G^~ l {Qi) for any 
A' G 7D~ l . Hence due to Lemma [3.41 we obtain 



Mer(5 ii3 )\r„ 



X 

If {A;}; is a complete set of representatives of ifjj\GL n (Z), then the set \ ( q l A~ l 



is a complete set of representatives of r(5 ij )\r n . Hence we have 



j(k,™ 2 ;MMx)(T,p 2 z) 



X 

AG(p 2 Z)^ x (pzy- i xz n -i 



From Lemma [3.71 we obtain 



o\r 



m) cr(o) E UeA^aW 

Afer„, \r„ I Agz™ VP / 
+Oi ^ jY/c,^;M,pAj(r,p 2 z) + a 2 ^ jYfc,^;M,p 2 Aj(r,p : 

Due to the two identities 

j[k,-;M,pX) (r, p 2 z) = j(k, m; M, A) (r, pz) 



P Z 



and 



9 ' 

P Z 



J ( k, M,p 2 X ) (r, p 2 z) = j (A;, mp 2 ; M, A) (r, *) , 



we have 



i^ Q . = p- k ( 2n - i -j)+( n -j)( n - i + 1 )Qi- i (^Q'j 

x {ao^l (r,p 2 ^) + a.E^pz) + a 2 E^ mp2 (r, z)) . 
Thus we showed this lemma for the case p 2 |m. 
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We now assume p 2 /m. In this case the sum G{, _i (m, A') equals to G^~ l {fS) or G^~ J (m), 
according as A' G pV^ 1 or A'GpZ- 7-1 . Thus due to Lemma [3.41 we have 

= p-*(2n-i-.7)+(n-j-)(n-i+l) J (G^(0) - G^m)) E E 

Mer(5ij)\r„ \e(pZ)ixZ n -i 
x ] {k,m-M 1 X){T, P z) + G j ~ i {m) E E j(k,m; M, X)(r,pz) I . 

A/Gr(<5 i , J )\r„ AG(pZ) i xZ"" i J 

Here we have 

E £ j(/c,m;M,A)(r,pz) 

Mer(iij)\r„ Ae(pZ)^xZ n -^ 

= I (^): rirV,,,) J2 E j(k,m;M,X){r,pz) 

Mer(5j)\r n AeOZ)JxZ™-j 

= FtftirQij)] E E E j{k,m;MM^(r,pz) 

M er„, \r n A&Hj\GL n (z) xe^zy xZ»-j 

= m)-m,)] {g p (n - l,j)E%l(T,pz)+p n -Jg p (n - l,j - l)E^(r,z)} 

and 

E E j(k,m;M,X)(r,pz) 

A/er(<5 i; , J )\r„ AefcZ^xZ™-'' 

= [my,T(5 t ,)} {g p (n - l,i)E^{r,pz) +p n - l g p {n -l,i- l)E^ mp2 (r, z)} . 
Hence we showed this lemma also for the case p 2 /m. □ 



The following proposition has been shown by Yamazaki |Ya 891 Theorem 3.3] for the 
case m = 1. We generalize it for any positive-integer m. 

Proposition 3.9. For any natural number I (0 < I < n), the form £/^J VJ >n _;(jo 2 ) is a 
linear combination of E^L \U(p 2 ), E^ n \U(p) and E^ 2 over C. 

Proof. This proposition follows from Lemma 13.31 and Lemma 13.81 □ 



3.6. Relation among Jacobi-Eisenstein series. Now we shall calculate the coeffi- 
cients in the linear combinations in Proposition 13.91 This calculation can be directly 
done by using the values of G^^irn) and g p (a,b). However, we will here use the Siegel 
^-operators for simplicity. 
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We set 



( f P ~ 2k+2 \ 
p~ k (p — 1) 

1 



\ 



p 2fc — {— 2 _|_ p p h 



if p 2 \m, 



if p 2 J(m and p\m, 



V 



p~ 



if pj(m. 



{ \ p- k+l + 1 / 



Lemma 3.10. For the Jacobi-Eisenstein series E^ m of degree 1, we have the identity 



{VoAP 2 ),v lfi ( P 2 )) 



E { k %\U(p 2 ),E^ m \U(p) } E^ p2 



(^0,m,p,k 

&2,m,p,kj 
-(1) IT/ (J2.\ _ ^p(l) 



Proof. Since r 1 (p 2 l 2 )r 1 = T 1 (p 2 l 2 ), the relation E^V^p 2 ) = p^E^Uip) is obvi- 
ous. 

From Lemma [3.31 we obtain 

<mKo(p 2 ) = K. + K^ + Kl. 
Due to Lemma 13.61 and Lemma 13. 8[ we have 

p~ 2k+2 E£ln(r,p 2 z) if p 2 \m, 
.P' 2k+2 E { S(r,pz) if p 2 J(m, 
p- k (p - l)E^Ur,pz) if p\m, 



-"■0,0 



*0,1 



p- k+1 E^ mv2 (t,z) -p- k E^Jr,pz) ifp/m, 



"^1,1 ^,mp 2 ^' ' 



Therefore this lemma follows. 



□ 



Let -By +1 (Xz), 5 2in+ i(X 2 , X n ) and A^+i be matrices introduced in Section [2761 

We recall A^+i = -B2,n+i(p 2_fc ,P 3_fc , ...,p n ~ k ) and the matrix Af'^+i has the size 2 times 

(n + 1). " ' 

The following proposition has been shown by Yamazaki |Ya 89| Theorem 4.1] for the 
case m = 1. We generalize it for any positive- integer m. 
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(n) 

Proposition 3.11. For any Jacobi-Eisenstein series E k ^ of degree n, the following 
identity holds 

(0 CLq rn p k\ 
Cl2,m,p,kJ 



Proof. Let m be a positive-integer. Let $ be the Siegel ^-operator for Jacobi forms 

? (n-l) 
J k,m ' 



introduced in Section 1231 From Lemma [2.21 and from the fact that $(£7^) = E^ 1 !j 



we have 

Hence by using Siegel ^-operator n — 1 times and by using Lemma 13.101 we have 

= ^iKK),!^ 2 ),^^^))^!^,^,...,^) 

/ Ct0,m,p,fc\ 

\ 0>2,m,p,k/ 

On the other hand, due to Proposition 13.91 there exists a 3 x (n + 1) matrix which 
satisfies 

Elt\(VoAP%-,V nfi (p 2 )) = (E^l\U( P %E^\U(p),E^ p2 )Bi 
From this identity we have 

$ (n - 1} (4il(^(p 2 ),...,K,o(p 2 ))) = (E^\U(p%Ei%\U(p),E^ p2 )B^ 

Because three forms E^™ \U(p 2 ), E^ m \U(p) and E^ mp2 are linearly independent (see 
Lemma [3.ip . we obtain 



2.n+l- 



fl0,m,p,fc\ / ClO,m,p,k 

a hm ^ k \ B 2 , n+ i(p 2 - k ,p 3 - h } ...,p n ~ k ) = \p~ k a ltTn:V 

fl2,m,p,fe/ \ d2,m,p,kj 

Thus this proposition follows for any positive-integer m. □ 

4. Generalized Maass relation for Siegel-Eisenstein series 

The purpose of this section is to prove Theorem 11.11 Let e^ m be the m-th Fourier- 
Jacobi coefficient of Siegel-Eisenstein series i?£ n+ , which is denoted in Section [TT2"1 
In this section we write for V], and for , for simplicity. 

d\m d>0 d 2 \m d>0 

d\m d 2 \m 
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4.1. Fourier- Jacobi coefficients. We define an arithmetic function 



g k (m) := jj,{d) cr fc _i f"' 



(P 



in 



where /j,(d) is the Mobius function and we put <7fc_i(m) := '^^d k 1 as usual. 

d\m 



Lemma 4.1. We obtain 

9k(mp) 



(p k 1 + l) g k (m) ifpjfm, 
P kl 9k( m ) if p\m. 



Proof. The function gfc(m) is a multiplicative function, namely g^fm/) = gk{ m )9k{l) if 
gcd(m, I) = 1. Hence we obtain the identity ^(m) = m fe-1 jQ ( lH — ^zj )• This 

q : prime ^ ' 

lemma follows from this identity. □ 

The following proposition is a special case of a result in |Bo 83} Satz 7]. 
Proposition 4.2 (Boecherer [Bo 83] ). We have 

ci 2 |m 

Proof. For the proof of this proposition, the reader is referred to |Ya 861 Theorem 5.5]. 

□ 

Proposition 4.3. For any n > and for any m > we have the identity 



e ( k % MP 2 ), egjtf (p), e^ 2 ) p"*(-l + P<W 



p 

where 8 p \ m is 1 or 0, according as p\m or pj(m. 
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Proof. Due to Proposition 14.21 and Lemma 14.11 this proposition is obtained by straight- 
forward calculation as follows. We set nine functions 

E 9l := £ P~^E'^\U {P H) S Q, 

d 2 \m 

E 9 2 := £ p- fe ( P -l)^l|t/M^(^), 

d 2 |m 



and 



^3 := £ ^.TOjp 



d 2 

cr |m 
=0(p 2 ) 



%4 := £ p- 2fc+2 ^|f/(prf)^("' ! 



3* 



d |m 
=0(p) 



^0( P 2 ) 



^5 := £ (P" fc+1 -^)^I^M^(9) 

d 2 |m 
f S0(p) 
™^0(p 2 ) 

B 9 „ := £ £f' |£f(0»(=), 

^0(p 2 ) 



^7 := £ p-™*t^ U W9(%) 

d 2 \m 
f^O(p) 



^8 := £ (-p- fc )41|f/(prf)^( 



d 2 |r 



Eg, := £ (p- fc+1 + l)^J^)^(5) 



d 2 \r~ ' d 



m 



If ord p m 
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d 2 \m 



Eg x + Eg 2 + Eg 3 + Eg A + Eg 5 + Eg 6 , 



and 



Eg 2 + Eg 5 
Eg 3 + Eg 4 + Eg 6 



Eg, = e%l\U(p 2 ), 



p- k {p-±KL\u{p), 



p 



-2k+2 £ (n) 

k,mp 2 



Because of the assumption ord p m = 1 (2), we have 5 p \ m = 1. 
Hence this proposition follows for the case ord p m = 1 (2). 
If ord p m = (2), then 



and 



d 2 \m 



I utfd) , Kl \u{ P d) , \u(d) 



>~^d 2 ~ 



n(n) 



fc,- 



= Eg x + Eg 2 + Eg 3 + Eg 7 + Eg 8 + Eg 9 , 



v a 2 ,™, p ,fc / 



Eg 2 + Eg 8 



Eg 3 + Eg 7 + Eg 9 



"Jp 2 \m 



e ( :l\U(p 2 )+p- 



-fe+i 



^0(p 2 ) 



p- fc+1 4£itf(p)-p- fc+1 E 



d 2 \rn 
i^0(p 2 ) 



m\ 
d?) 



-p- k e<£lMp), 
p- 2k+2 e^ ] 2 . 

r k,mp z 



Here S p 2\ m is defined by 1 or 0, according as p 2 \m or p 2 J(m. Because of the assumption 
ord p m = (2), we have 5, 



p 2 \m 



J p\m- 



Therefore this proposition follows also for the case ord p m = (2). 



□ 
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4.2. Proof of Theorem II. 1L Now we shall prove Theorem 11.11 For any prime p and 
for any positive- integer d, the operators V/ jn _/(p 2 ) and U(d) are compatible. Hence from 
Proposition I4.2[ Proposition [3JJ] and Proposition 14. 3| we have 



£j (^n(p 2 ),-,K,0(p 2 )) 
E^(|) I (^n(p 2 ),-,K,0(p 2 )) 117(d) 



d 2 |m 

d 2 |m ^ P d 7 \ o a 2 



' d 2 



Thus we obtain Theorem 11.11 




^\U{p%e^l\U{p),etlMp- k p- k (-l+ P 5 plm ) Af n+l 



5. Generalized Maass relation for the Miyawaki-Ikeda lifts 

In this section we shall show Theorem 11.21 Theorem 11.31 and Corollary 11.41 Let 
4> m £ Jk+n m t> e the m_ th Fourier- Jacobi coefficient of the Duke-Imamoglu-Ibukiyama- 
Ikeda lift F stated in Theorem 11.21 

In this section the letters p and q are reserved for prime numbers. For example, the 
symbol rip|7v denotes the product over primes p such that p\N. 

5.1. Fourier coefficients of <p m . We take the Fourier expansion of <p m : 

<f> m (r,z) = Y, C m(N,R)e(Nr)e( t Rz), 

N,R 

where in the summation iV e Sym^^ and R e Z 2?l_1 run over all elements which satisfy 

( N -R\ 

ANm — R l R > 0. We set M — ( lt „ 2 I . We denote by D M and by f M the integers 

\2 Rm J 

such that (-l) n det(2M) = D M p M , where D M is a fundamental discriminant and Jm is 
a positive integer. Then the (N, i?)-th Fourier coefficient C m (N,R) of 4> m is 

C m (N,R) = C(\D M \)f k A Pl[F p (M;a p ), 

where C(\Dm\) is the l-D^I-th Fourier coefficient of h which corresponds to g by Shimura 
correspondence, and F P (M;X P ) G C[X P + X" 1 } is a certain Laurent polynomial intro- 
duced in HEHl §1]. 
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5.2. Matrix A^^ n . Let n+i an d A' 2 2«(^p) be the matrices introduced in Section [2761 
Lemma 5.1. For any even integer k we obtain 

Proof. From the definition of A^+i we get 

A 2,2n — £>2,2n(P ,P ,—,P ) 

/2n-l \ 

i-n-fc \ 0/ _ /_ f-n-(fe-i) l-n-Cfc-I) |+„-(fc_i)> 



n p i-n_fe ^ i2n (pi-™-( fc -5),pi-™-( fe -i),...,p-i+«-( fc -5)) 

. i=2 / 
p -(n-l)(2 fc -l)^ 2n(p -(,-I) )> 



□ 



5.3. Proof of Theorem OJ, Let g G GSpJ,_ 1 (R)nM 4n _ 2 (Z) be a matrix such that the 
similitude of g is z/(g) = p 2 . We write the coset decomposition T 2n -ig^2n-i = [_J^ n gi 

i 

with gi= \ p.^ 1 n' ) • We take the Fourier expansion of 4> m \V(T2 n ~ig^2n~i)'- 
\U2n-1 J 

(<j) m \V(T 2n „ 1 gT 2n _ 1 ))(T,z) = J2 C m(9;N } R)e(NT)e( t Rz) } 

N,R 

where in the summation N G Sym^j^ and R G Z 2n_1 run over all elements which satisfy 
ANmp 2 - R l R > 0. 

We now fix iV G Sym^.! and R G Z 2n ~ l such that ANmp 2 - R l R > 0. And we set 

( N f #\ 

m J 

Lemma 5.2. T/ie (N,R)-th Fourier coefficient C m (g; N, R) of 4 > m \V{T2 n -ig^2n-i) is 

c m (g;N,R) = p^ 2n ~ l ^-\)c{\D M ^)fl;}Y. deiD ^ 

i 

x J] F q (M 1 [diag{p- lt D i ,l));a q ). 

^I/mj [diag(p- lt D i ,l)} 

Here we regard F q {Mi[diag(p' lt D i , i));X q ) as 0, if M 1 [diag{p~ lt D u 1)] Sym^ n . 
Proof. From the definition of V (T 2n -\gT 2n _i) the (iV, i?)-th Fourier coefficient of the 

form (j)m\V(T 2 n-ig^2n-l) IS 

£det Df^C f k M ~l J] F g (M M ; a,) , 

* q\fM 1 i 
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where := Mi[diag(p~ u Di, 1)]. Thus this lemma follows from the fact that if is 
a half- integral symmetric matrix, then D Mli = D Ml and fM Xi — p~^ 2n_1 ^(det Di)f Ml . 

□ 

Now we shall prove Theorem II .21 In the same manner as in Lemma [5\2l we obtain the 
fact that the (N,R)-th Fourier coefficient of e^™ n ^\V (Y 2n -\gT 2n ^i) is 

p-^ i)( ^v§(i^Mj)/i7E det£, r B "' 

i 

x J] F q (MxfdiagOr^A, l)]; g* - *) , 

where h k+ i QD^l) is the jDj^J-th Fourier coefficient of the Cohen type Eisenstein series 

of weight + g which corresponds to the Eisenstein series of weight 2k by the Shimura 
correspondence. 

By the virtue of Theorem ll.il the form e^+ n ^ |^(r 2n _igr 2ri _i) is a linear combination 
of ef+n™ \ U{p 2 ), e k+n l l\U{p) and e k+nmv*- Hence there exists constants u Q , Ui and u 2 , 
such that 

We remark that the constants Uo, U\ and u 2 depend on the choices of p, k, m and n. 
The (N, i?)-th Fourier coefficient of the form of the above RHS is 



«oVj {^M^p-^fu} \{F q (M -q k ^ 

q\fM 

+«iVi(Pm 1 |)/m? n^( M U9*"*' 

i\fM 1 

+u 2 h k+l2 (\D Ml \)p k -h k Mj l[F q (M 2 ; q k --i 

q\fM 2 

where M = ( i^L K) and M 2 = ( u R JljY Because /i fc+ i ^ 0, we 



obtain 
(5.1) 

P 



-(2n-i)(fe-|) ^detD^ 1 \{ F^MifdiagCp-^A,!)];^ 



^UMjIdioatp- 14 Dj,l)] 



" 4 nM M ° ;gM ) +Mi n F *( Mi;9 *~*) +u2p *~* n^( M2 '^~")- 

g|/M sI/mj <?I/m 2 
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We denote by co(N,R), ci(N,R) and c 2 (N,R) the (N, R)-th Fourier coefficients of 

respectively. We remark cq(N, R) = if p 2 /m. 



3 (2n-l) 



W), e<£^|l/(p) and e 



(2n-l) 
fc+n,mp 2 



if i? i p 2 Z 2n ~\ and d(N,R) = if 



Furthermore, we remark that co(N,R) 
R <£ P Z 2n -\ 

Because the forms in the set I E^ n 7 r '|C7 (d) [ , where d runs over all positive- integers 

such that d 2 |m, are linearly independent (see Lemma 133]) and because of Proposition H~2"j 

three forms ej^~m | (p 2 ) , e^ 2 "~^|f/(p) and e^~ l \ are linearly independent. 

From now on we assume p 2 |m for simplicity. The proof of Theorem 11.21 for the case 
p 2 Jfm is similar to the case p 2 \m. 

There exist pairs of matrices (Nj, Rj) (j = 1, 2, 3) such that 



'coiN^Rt) c^N^R,) c*(N x ,R x 
det | | c (N 2 ,R 2 ) Cl (N 2 ,R 2 ) c 2 (N 2 ,R 2 ) 
c (N3,R 3 ) ct(N 3 ,R 3 ) c 2 (N 3 ,R 3 



? 0. 



For j 



1, 2, 3, we define 



M, 



N 



j 



\2p 



2p 2 3 
1 m 
it, — 



2-3 



M\ 



00 .. 



and we put a 3 x 3 matrix 



prime 



Then from the identity (15. ip we have 



1 

2p 
m 



( 



n 



p 



-(2n- 



-i)(*-D ^ (det A 



M 



i p 

i 2 mp y 



/ 7=1,2,3 
i=0,l,2 



X 



/U|/ m ^ (M 1 (1) [diag(p-»A,i)];? fe -^\ 

11,1/ m ^(Mffdiag^A,!)]^^ 

,n 9!/ m (^[diagCp-WA,!)];?*-*) J 

\ 1 M^IdiasCp-l*^,!)] V // 



Ml 
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Hence we obtain 



x 



m 

n 
n 



9 ^ ' M^ldiagip- 1 * Dj,l)] 
q ^M[ 2 \diag(. p - lt D i ,l)] 



\ ''^Mp^diosCp- 1 *^,!)] 



F g ^^[diag^-^A, 1)]; 9 fc ~*)\ 

(M^fdiag^-^A,!)];^-^) 
^(M^fdiag^-^A,!)];^-^) 



7; 



(2n-l)(fc-|) 



u p 

Ul 



K u 2 p 



The RHS of the above identity does not depend on the choices of (N j: Rj) (j — 1, 2, 3). 
Furthermore, the above identity holds for infinitely many integer k. Therefore there 
exist Laurent polynomials $j(X p ) e C[X P + X" 1 ] (2 = 0, 1, 2) which are independent of 
the choices of (Nj, Rj) (j = 1, 2, 3), such that 

^(detA)"" - * c({(7V.,i?.)}. ; 

/U|/ (1) FjM^fdiag^A,!)]^^ 

11,1/ (2) FjMf^diag^A,!)];^) 
\n ? |/ (3) FjMf^diag^A,!)];^) 



/ 



In particular, we have 



]Tdet II F « (M^diag^^'A, l)];X q ) 

1 l\fM 1 [diag(p- lt D i ,l)} 

= $ (X P ) J]F 9 (Mo;X,) + $ 1 (X p ) [Jf ? (M i; I ? ) + $ 2 (I p ) JjF^M^X,) 

<?I/m 9|/m x <?|/m 2 
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Therefore, by substituting X q = a q in the above identity and by using the relations 
PfMo = fMx = P~ 1 Jm 2 and D Mo = D Ml = D M2 , we obtain 

p -(2n-m-h) C (\D Ml \) f k ~} det D < 

i 

x J] F q (M 1 [dmg(p~ lt D u l)};a q ) 

l\i Ui[diagQp- lt n i ,l)] 

= p- {2n - 1 ^ | $oK)/^C {\D Ma \)f k M } l[F q (M ;a q ) 

+ ^{av)C{\D Ml \)f k M } l[F q (M 1 ;a q ) 

i\Im 1 

+ ^ p )p- k ^C(\D M2 \)f k M ^ ]jF q (M 2 ;a q ) I. 

l\fM 2 ) 

Thus 

/$o(« P )\ 

<Pm\V(T 2n ^gT 2n ^) = p -^-m-i) U--, ( j } ^\U{j ) 2 )^ m \U{j ) ) :V - k+ H m pA • 

v P } W<W 

Hence there exist Laurent polynomials &jj(X p ) G C[X p + X" 1 ] (j = 0,1,2, I = 
0, In — 1) which satisfy 

(5.2) 

,2n-l (p 2 ),...,V 2n ^ lfi (p 2 )) 
= p- (2n - 1)(fc -^(/-^^|C/(p 2 ),0 m |[/(p),p- fe +50 mp2 j U 1)0 (a p ) ... $ li2n _iK) ■ 

Here the polynomials $j^(X p ) depend on the choices of p and m, but not on the choice 
of / which is the preimage of the Duke-Imamoglu-Ibukiyama-Ikeda lift F. The m- 
th Fourier- Jacobi coefficient ef?~^ of Siegel-Eisenstein series satisfies also the identity 
( 15. 2p . Thus, because of Theorem 1 1 . 1 1 and of Lemma [5. 1\ we obtain 

$0,o(/^) $0,2n-l(p fc ^)\ / I \ 

$l, (p fe ^) ••• $l,2n-l(p fe ^) = ^^(-l+p5 p | m )U' 2>2n (p-( fc -^). 
$2,o(/^) ••■ $2,2n-l(^)/ \ ^ n+1 / 
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Furthermore, this identity holds for infinitely many k. Hence we obtain 
(5.3) 

'$Q,0pg ••■ $0,2n-lPQ\ / 1 \ 

v $2, (X p ) ••■ $2,2.-1 (X p )J \ p- 2n+1 J 

In particular, we get A' 2 ^ n (X p ) = A! 22n {X~ 1 ). Due to the identities (I5.2p and (I5.3p . we 
thus obtain Theorem 11.21 

5.4. Proof of Theorem II. 31 From the identity (12. ip in Section 12.41 and from Theo- 
rem [TJ2] we obtain 

m (r,O)|(T Oi2n _i(p 2 ), ...,T 2ri _i i0 (p 2 )) 
= p 2 ^- 1 U^(r,0),Mr,0)Am P <r,0)) \ p- k - n p-k-n(-l+p5 plm ) ]A' 2!2n (a p ). 

VP / I n ___2fc-2n-l-2 / 



p 



Due to the identity T ( ( ^ ^ ) ) = ^ m ( r > 0)e(mu;), we have 

{<^M) +p- k - n (-l + pS p \ m )<f> m (r,Q) +p- 2fc - 2n+2 mp2 (r,O)}e(mu;) 



m>0 



^-2fc-2n+2 ^ 



r 
u 



where in the RHS we regard that the Hecke operator T^oQo 2 ) acts on F <^/J aS 

a function of u; G i3i for a fixed r G i5i- Therefore 

X^^ m ( r '°)K T 0.2n-l(p 2 ),--, T 2n-l,o(p 2 ))e( 



_ , , [muo] 

m>0 

2nfc+n-l / -i-np / / T ^ I I -2fc-2ra+2 r-i / / T 



^1, (P 2 ) ^2,2nK) 



P V VVO ojj) ,P \\0 to 

We denote by (hi(u), h 2 (uj)) uJ the Petersson inner product of two elliptic modular forms 
hi, h 2 . The symbol \ g {j> 2 ) denotes the eigenvalue of g for T 10 (p 2 ). 

Because (f ( ( ^ ^ J j , g(w)\ = J~f, g {T) and because 



r 
u 



Ti, (p 2 ), g(u) ) = \ 9 (p 2 )Ff, g (T) 
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we obtain 

J), a |(T 0i 2n-l(p 2 ), ...,T 2n -l,o(p 2 )) 

^2 0m(r,O)|(T o , 2n -i(p 2 ), ...,T 2 ^Lo(p 2 ))e(mu), g(u) 

\m>0 

= P 2nk+n ~ l {p- k - n Ff, g , p- 2k - 2n+2 \(p 2 )Ff, 9 )A' 2>2n (a p ). 
Therefore we proved Theorem 11.31 

5.5. Proof of Corollary 11.41 Let {/i , A*i, •••> A*2n-i} be the Satake parameter of 
at a prime p. We recall 

A' 2 , 2n (X p ) = ^ 2 „(j9l-"X p ,p|-"X p ,...,p-| + "X p ), 

where the matrices A' 2 2n and B' 2 2n are defined in Section |2"1)1 Because of the construction 
of A' 22n (X p ), the matrix A' 22n (a p ) determines a Satake parameter {/j 2 , ...,/i2n-i} up to 
the action of the Weyl group W 2n -\. Hence we can take 

{H 2 ,...,li 2n -i\ = {p^~ n a p ,p^~ n a p ,...,p~^ +n a p }. 
Now, from Section 12.61 and Section 12.31 we recall 

(^(T 0i2 n-l(p 2 )), y?( T l,2n-2(j9 2 )), (f(T 2n _ lfi (p 2 ))) 



>2n-\ 



\\ X t (^(T 0)1 (p 2 ))^(T 1)0 (p 2 )))S 2i2n (X 2 ,...,X 2 , 



n— 1 , 



i=2 



and /Xg/ii • • ■ [i 2n -\ = p( 2n-1 ) fc , where is the Satake isomorphism denoted in Section [276| 
and where Ti^n-iip 2 ) {I = 0, ...,2n) is the Hecke operator denoted in 12.41 Furthermore, 
from a straightforward calculation we have 

^(T 0il (p 2 )) = p- l XlX u 

v(T lfi (p 2 )) = p- 1 X 2 X 1 (pX^ + (p-l)+pX 1 ). 
From Theorem 11.31 and the above relations, we have 

p 2n k+ n-l ^-2^+2^2)) j^j^ 

'2n-l \ 

IJ /*i I (p~Vo^l, P'Vo/^Um 1 + (P- !) +^l)) 5 2,2n(^2,--,/i2n-l)- 
i=2 / 

Hence, from the fact that the rank of the matrix A' 2 2n (ct p ) is two, we obtain 

p^ + (p-l) +m = p- fc -«+%(p 2 ). 

On the other hand, we have \ 9 {p 2 ) = p k+n ~ 2 (p(3 2 + (p — 1) + p(3~ 2 ). Thus we can take 
/xi = /3 2 . Hence we obtain 



32 



S. HAYASHIDA 



up to the action of the Weyl group W^n-i- 
The standard L-function of J-f >g is 



2n-l 



L( S ,7> )S ,st) = i[<(l-p- s ) II {(l-wl(l-rt-)} 

p L i=l 

= n{( i -^)( i -*" s )(i-/3 P -v s ) 

2n-2 

x n {(i-«/ Ks )(i-«,v 4+f 

i=l 

2n-2 _! 

= L( M ,Ad)n n {(i-«/ + ^ n - s )(i-«;v + ^n} • 




p i=l 

-1 



Because L(s, /) = |(1 - a p p k 2 - a p 1 p k 2 s )| ( W e obtain Corollary OJ 
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